VARIATIONAL FORMULAS OF HIGHER ORDER MEAN CURVATURES 



LING XU AND JIANQUAN GE 

Abstract. In this paper, we establish the first variational formula and its Euler-Lagrange equation 
for the total 2p-th mean curvature functional JV[2p of a submanifold Af" in a general Riemannian 
manifold TV""'""' for p = 0, 1, ■ ■ ■ , [^]. As an example, we prove that closed complex submanifolds 
in complex projective spaces are critical points of the functional A42p, called relatively 2p-minimal 
submanifolds, for all p. At last, we discuss the relations between relatively 2p-minimal submanifolds 
and austere submanifolds in real space forms, as well as a special variational problem. 



1. INTRODUCTION 

It is well known that critical points of the volume functional for isometric immersions are subman- 
ifolds with vanishing mean curvature vector field. For a hypersurface, the mean curvature vector field 
is just given by the mean value of the principal curvatures (up to a direction). The higher order mean 
curvatures of a hypersurface are then defined as the (normalized) higher order elementary symmetric 
polynomials of the principal curvatures, whose variational properties were studied by Reilly '17' in 
real space forms and by Li |13j in general Riemannian manifolds. Reilly |18j also introduced the notion 
of higher order mean curvatures of compact submanifolds in Euclidean spaces when studying the first 
eigenvalue of the Laplacian. Moreover, he derived the first variational formula of the integral of each 
even order mean curvature. Afterwards, two natural generalizations came into intensive studies. 

One natural way to define the higher order mean curvatures of a submanifold M" in a general 
Riemannian manifold iV""'"'" is by using the curvature operator R^^ (or the curvature forms ^fj) of 
the submanifold Af, in which case the 2p-th mean curvature and (2p+l)-th mean curvature vector field 
will be denoted by if^, -ff2p+i- The other way is to use the relative curvature operator R^^ — R^ (or 
the relative curvature forms Vlfj — ^fj) of the immersion / and the corresponding higher order mean 
curvatures will be denoted by kI^, H^^j^^. See section [5] for explicit definitions. Note that H^^ = 7j/ 
is just the mean curvature vector field, for hypersurfaces if/p, -ff/p+i ^'^^ i^^^ usual higher order 
mean curvatures, and for submanifolds in Euclidean spaces = K^p, ^^2^+1 = ^ip+i J^^t the 
higher order mean curvatures defined by Reilly. In general, if^p depends only on the metric of the 
submanifold and thus is an intrinsic invariant. It is called the 2p-th Gauss-Bonnet curvature by Labbi 
[l2] and its integral is called a Killing invariant by Li [M] . Both of Li [14] and Labbi [12] studied the 
variational problem of these intrinsic invariants and characterized the critical points by the vanishing 
of H2p_^_i which thereby naturally generalize minimal submanifolds in a general Riemannian manifold 
into 2p-minimal. On the other hand, is not intrinsic in general. Nevertheless, for submanifolds in 
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real space forms, it can be expressed as a linear combination of 1, if 2 , • • • , ^^2^ hence is intrinsic 

in this case. Among other things, Li [13^ calculated the first variational formula of the integral of 

for submanifolds in real space forms and for hypersurfaces in general Riemannian manifolds. In 

analogy, Cao and Li p] considered the variational problem of the integral of some linear combination 

of K2pS for submanifolds in real space forms so as to characterize the critical points by the vanishing 
f . 

of -ffjp+i: which they also called 2p- minimal submanifolds. In addition, they obtained a non-existence 
result for closed stable 2p-minimal submanifolds in spheres that would reduce to a result of Simons 
|19j when p = (Some similar results for hypersurfaces have been recently obtained by |15j). In view 
of these two lines of developments, we come to consider the variational problem of the integral of K^^ 
for submanifolds in a general Riemannian manifold. 

In this paper, we establish the first variational formula and its Euler-Lagrange equation for the 
functional M.2p{f ) '■= Jj^j kI^cIVm defined as the total 2p-th mean curvature of a submanifold M" in a 
general Riemannian manifold iV"+™ for p = 0, 1, • • • , [^]. For hypersurface case this has been done by 
Li [13| . It is noteworthy to mention that the object in this variational problem is no longer an intrinsic 
invariant as in preceding references. As an example, we prove that closed complex submanifolds in 
complex projective spaces are critical for the functional M2p for all p, which we called relatively 2p- 
minimal. At last, we discuss the relations between 2p-minimal submanifolds and austere submanifolds 
in real space forms, as well as a special variational problem. 



We begin with the definition of the 2p-th mean curvature and {2p + l)-th mean curvature vector 
field. Throughout this paper, we adopt the notions used in [7]. 

Let M" and iV"+'" be Riemannian manifolds of dimension n and n + m respectively, and / : 
M" — >■ iV""'"'" be an isometric immersion. Around each point in A/, choose a local orthonormal frame 
{ei, . . . , Cn+m} of TN such that {ei, . . . , e„} are tangent vectors of M while {e„+i, . . . , e„+„i} are 
normal to M. Then we use {6 a \ 1 < A < n + m} and {Oab \ l<A,B<n + m} to denote the 
corresponding dual 1-forms and connection 1-forms respectively. The following convention for indices 
will be used throughout this paper: 



2. Preliminaries 



^ ^ ii j, k < n, n + l<a,/3,7<n-|-m, 1 < A, B , C < n + m. 



The structure equations of N are given by 




where the curvature forms ^ab ~ \ X^c d ^abcd^c A Ojj and Rabab is the sectional curvature of 
N at the two plane ca A es- Comparing with the structure equations of M 



dOi = ^ 6ij A 6j, 9ij — —Oji, 




k 




a 
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Definition 2.1. For p — 0,1, ■ ■ ■ , [^], the 2p-th (relative) mean curvature K^^ and the {2p + l)-th 
(relative) mean curvature vector field -ff/p+i / ^^'^ defined as follows (cf. [7]): 

(2 2) 

- V V n ■ A---AO- ■ h9- (p- p- V 

" -f2p+l 

where the index = (ii, . . . , i^) denotes fc different integers in {1, . . . , n} for /c = 1, . . . , n. We also 
denote kI := 1, ul^ := := 0. 

One can easily find that ^-nd i?/p+i are independent of the choice of the local frame and hence 
well-defined (cf. 7 ). In analogy, the 2p-th Gauss-Bonnet curvature ii'lp and the (2p + l)-th mean 
curvature vector field i?2p+i introduced in last section can be defined by the same formulas of (|2.2p 
with f2*^ instead of all O.^ therein. When A^"+"' is the real space form R"+™(c) of constant sectional 
curvature c, a straightforward calculation shows that the two families can express each other by 

(2.3) = ^'-'OkL K+1 - E -''"OK+i- 

k=0 k=0 

If M" is compact, possibly with boundary, the total 2p-th mean curvature of / is given by the 
integral 

(2.4) M2p{f) / kUVj 



(2.5) d^-^2p(/t) 



jM 

We apply a variation of the immersion / as follows: Let / be the interval —^<t<^. Let F : 
M X / — > be a differentiable mapping such that its restriction to M x i (i G /), is an immersion, 
denoted by ft, and that F{x, 0) — f{x) for x € Af. Our aim is to evaluate the first variational formula 
of the functional M2p under such variations, that is to calculate 

d 

M2«(/t) 

t=o 

To treat with this type of variational problems, we would like to apply the moving frame method 
presented by Chern in Choose a local orthonormal frame field {e^(a;,i)} of TN over M x / such 
that for every t G I, ei{x,t) are tangent vectors to Mt :— ft{M) — F{M x t) at {x,t) and hence 
ea{x,t) are normal vectors. Let uja, ujab be the corresponding dual 1-forms and connection 1-forms 
of N over M x /. Then they can be written as 

(2.6) uJi = 9i + aidt, uj^ = aadt, ujab = Gab + UABdt, 

where 9i, Oab are linear differential forms in M with coefficients which may depend on t. For t = they 
reduce to the forms with the same notation on M . The vector v :— aAeA{x, 0) — -^F{x, i)|t=o is 
called the deformation vector. We write the exterior differential operator d on M x / as 

, , , d 

d = dM + dt— 
ot 

Now by the definition of 2p-th mean curvature, we have 

(2.7) KlldVM, = .^^i^^^r!,,,, A...Al),,^_,,,^(e,,,...,e,,Jdl4f, 

/2p 
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= ^ • • • ^ ^^j:2p-iJ2p(eii,- ■ •,ej2p)6'i A • • • A 6'„ 

= —^Y^ A • • • A f^i2p-ii2p A e*,,^^, A • • • A 6'i„, 

where Sj^ :~ Sj^""" denotes the generahzed Kronecker symbol. Similarly, we have 
(2-8) {Hll^^,v)dVM, = ^ 51 51 0"^^ir.^iii2 A • • • A f^^2p-i*2p A 61,,^+, „ A 9,^^^^ A • • • A i 
Define an n-form on M 

(2.9) Osp = 51 '^^.."h.2 a • • • a A A • • • A . 

In 

Then by ()2.7p our variational problem p.Sp turns to 



(2.10) Y,^2Mt) =yJ ^^p'^V*,, = 1 / 



- f -82 



t=o 



3. Variational formula of the total (2p)-TH mean curvature 

In this section we will calculate in detail the first variational formula of the total 2p-th mean 
curvature Ai2pif) in (|2.4p by moving frame method. 

From last section, it suffices to calculate formula p.lOp . Recalling the definition of ilij in p.ip . we 
put Qij := J^a'^ia AwjQ where ujia is the connection 1-form given in (|2.6p . Then substituting ilyjWi 
for flij , 9i into (|2.9p respectively, we can define an n-form on M x I: 

(3.1) = 5I'^^"^*i*2 A ••• AOi,p_ii,p Aa;,2^+i A . •• Aa;,„. 
It is easily seen from (|2.61 12. 9p that 

(3.2) *2p = Ozp + dt A$2p, 
where 

(3.3) $2p = -2p ^/na«2paf^»i»2 A ••• Aa,p_3i,p_, A A&i.p+i A ••• A 6li„ 

+ (n - 2p)J2Sj,^ai^^^,ni,i^ A • • • A r2^2p-i»2p A 6,^^^^ A • • • A 6l,„. 

Then taking exterior differential of the equation p.2p we get 

(3.4) d^-sp = dM62p + rfi A —Gap - A dA/«'2p. 

On the other hand, c?^'2p can be calculated directly from p.ip by using the structure equations of N 
as the following. 

Lemma 3.1. Notations as above, then 



(3.5) 



d'^2p = ("■ - 2p) E ^In^iit2 A • • • A A Wj^p+ia A A w^^^^^ A • • • A 



'2pEE'^/„f^iii2 A • • • A f^»2p_3»2p_2 Aa;,2^_,„ A 17,^ A Wi^^^^ A • • • A w,. 
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Proof. Using the structure equations of N and interchanging the indices whenever there occur two 
essentially equal terms, we can obtain the following expression: 

(^*2p = -2p^^6i^h,^i^ A • • • A A Wi2p_ia A dul^^^a A Wj^p+i A • • • A Wi„ 

a /„ 

+(n - 2p) ^ ^/„0iii2 A • • • A A rfwi^^+i A w^^^^^ A • • • A Wj^ 

In 

= -'^P^'^Sln^iii2 ^^i2p-3i2p-2 A Wj^^.^a A Wj^^j A Wja A Wj^^+i A • • • A Wi„ 

« In ,3 

-'^P^^^In^ili2 /\ ■ ■ ■ /\^i2p-3i2p-2 /^^i2p-ia ^i^i2pP /\i^i2p+l A " " " A 

+2P X] X] '^^n ^ ■ ■ ■ ^ ^'2p-3'2p-2 A Wj^p-ia A A Wi.^^, A • • • A a;i„ 
« 

+(n - 2p) ^ (57„fiji»2 A • • • A A A ujj A w^^^.^^ A • • • A 

+(n - 2p) X X ^^n^»ii2 A • • • A fij2p_i A Wi^^+.a A a;„ A 0;,,^+, A • • • A . 

Since the index /„ = (ii, . . . , i„) is a permutation of {1, . . . , n}, the sum over j from 1 to n can be 
looked as from ii to i„, which leads to the following: 

~'^P X X '^^r.^^iii2 A • • • A fii2p-3i2p-2 A Wj^^.^a A OJi^^j A A Wj^^^, A • • • A Wi„ 

= 2p^Si„Qi^i^ A • • • A f2i,p_3i,^_, A fiis^.ij A Wi^pj A 0;,,^+, A • • • A Wi„ 
ind 

= 2p(2p - 2) X Sin^iii2 A • • • A fii2p-3<2p-2 A J^i2p_ii2p-2 A (^i2pi2p-2 A w^^^+i A • • • A a;i„ 

In 

+2p{n - 2p) X 5ijli^i2 A • • • A fli2p-3i2p-2 A flj^p- lj2p+l A Wj2pi2p+1 A Wj2p+i A • • • A Wj^ 
= + 2p{n - 2p) ^ ^/„Oijj, A • • • A ^i^^.^i^^.^ A ni2p-ii2p+i A Wi2pi2p+i A Wi2p+i A • • • A Wj„ 

In 

= -2p{n - 2p)^5i^ni^i^ A ••• A ^^i2p-ii2p A Wi2p+ii2p AWi2p ^i^i2p+2 A • • • A Wi„ {i2p O i2p+i), 

where the vanishing of the third line can be easily checked by exchanging the indices i2p-i,i2p-3- 
Similarly, 

(n - 2p) Si^Qi^i^ A • • • A A Wi2p+ij A ujj A ^^2^+2 A • • • A a;i„ 



In. 3 



= 2p{n - 2p) X ^/„^^iii2 A • • • A ^ii2p-ii2p A ^i-^p^^i-^p A a;i2p A a;i2p+2 A • • • A 



Combining with 



X X '^^'.^»i»2 A • • • A rii2p_3j2p_2 A Wjjp.ia A a;i2p/3 A w^a A Wi2p+i A • • • A Wi 

C«,/3 /n 
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= - X! X! '^^"^»i»2 A • • • A f2i2p-3«2p-2 A uji^^p A A uJap A w,,^^, A • • • A Wj„ (''""a'^^'") 

= - '^^"^■'i'2 A • • • A i1j2p_3»2p-2 A t^j2p_iQ A Wj^p/J A A A • • • A a;,„ 

= 0, 

we complete the proof of Lemma 13.11 □ 

From Lemma 13.11 we can divide the expansion of (M>2p into two parts: one part involving dt and 
the other not. In what follows the part of dt in (13. Sp will be calculated, since we want to get the 
expression of ■§i^2p concretely by comparing with the corresponding terms in p.4p . 

Substituting into the first term of d^2p in p.Sp the expression of ujat'^ab in (|2.6p and recalling 
I, we get 



(3.6) in - 2p) ^ ^ ^/„f^JiJ2 A • • • A f^j^^^ij^^ A uJ^^^^^a A cj„ A cj^^^^^^ A • • • A 

= -(n - 2p) ^ ^ a„di A Si^VL,^,^ A • • • A A 9,^^^^^ A 6',,p_^, A • • • A 6',„ 

= -{n - 2p)n\dt A {Hll^^,v)dVM,. 
Recall that — i ^ RiaCD^^c A w^. The second term of p.Sp turns to 

(3.7) '^PJ2J2 ^iAr^2 A • • • A r2i2p-3i2p-2 A A A A • • • A 

paj/3^iii2 A • • • A ^^i2p-3»2p-2 A a;i2p_iQ A A A w^ap+i A • • • A 

X! ^Ir.Rl2pajk^lll2 A • • • A r2j2p_3J2p_2 A Wj^^^ja A CJj A Wfc A A • • • A 

To simplify the notation, we put 

(3.8) Q.i2p := r^iiis A • • • A ^i2p^ii2f- 
Then we can get the expression of Fi as the following: 

Fi = 2p^^5/„aadiAi?,,p/3j„r2/2p_2 A6l,,^_,/3A6lj A0,,p+, A---A6l,„ 

a, 13 1^,3 

= 2p{n - 2p)l ^ ^ Gadt A Ri2pPjMi2j,-2 A 6',:2p-i^i A djie^, ei^^)dVMt 
= ^^2p- 1)]' ^ ^ ^ ac,dtAS][\\\\''f^ll\''^R^pjM^^^ 

a,P l2p-i,i J2p-l,j 



Similarly, we can compute the dt part of F2 (denoted by F2) as well: 

f 2 = -p{n - 2p) ^ ^ Si^a^^^^^dt A Rt2pajk^i2p-2 A 6'j2p-ia A 6*^ A 6*^: A e^2^^,^ A • • • A 
-2p^ X! ^^""j'^^ ^ Ri2pa]k^i2p-2 A ^J2p-ia A 0fc A A • • • A 6'i„ 

Ct In,j,k 
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a Ir,:j,k 

-~Mp - 1) XI XI Si^'^^2p-2pdt A i?j2pajfcf^/2p-4 A 6',,p_3^ A 6',,p_,„ A 0j A e'fc A 0.^^^^, A ■ ■ ■ A 0^, 

a l2p-l,i,i' J2p-l,j' 



a l2p-2,i-i' J2p~2:j,j' 



Mt 



+2(P - 1) X "'"^^ ^ ^ji!^^^!72p-2 j.i'^^'^J'^^^p-* ^ ^'»2p-3c« A 0^2p.2|iien , • ■ • , ej2p_2)c^^Ji/t) ■ 
Now we are ready to give the first variational formula. 

Theorem 3.2. Let f : M" — > 7V"+™ ftg isometric immersion from a compact manifold M (possibly 
with boundary) into a Riemannian manifold N . Then for p = 0, 1, • • • , [^], the first variational formula 
of the total 2p-th mean curvature A^2p(/) i^-4\ l given by 

iJere v is the deformation vector field, V is the Levi-Civita connection of N , -ff/^+i is the (2p+ l)-th 
mean curvature vector field, $2p is defined in iS.S^) . W2p-i and Q2P-2 '^'^^ defined by 

" (2p - nin! ^ ^ ^ '^jJ;:::;r2p:lj^»«"^^2p-2 A0^,,_i/3(e,i,...,e,^^ 

Q,/3 l2p-l,i J2p-l,j 

+ (2„_ i)!"!^! X X X (X'^iii---j2p-iJj'-^»'"ii'^^2p-2 A6'i2p_iQ(eji,...,ej2p_J 

" l2p-l,i,i' J2p-l,j' j 

ji,...,j2p-i,j''^i' <^ij'^l2p-2 A 0i2p-ia{^jn ■ ■ ■ iSj2p-l)^6ii 

>- 2p)! 
(2p- 2)!n! 

+2(p - 1) X '^jl!'''j2pl2 jj-'-^^'to'^^2p-4 A 6'j2p-3a A 6',2p_2/5(eji , . . . , ej,p_ e^, 
where ^i2p = ^^iii2 A • • • A i^iap-i j2p defined in \3.8\) . and = Q''_2 = 0. 

Proof. Comparing the parts involving dt of formulas (I3.4p and p.Sp and substituting (I3.6[ 13.71) into 
31). we obtain 



Q2P-2 - ('2n-2)!n!^ ^ ^ ('^il!...i/2p_2 jj'-^»'"w'^^2p-2(eji) ■ • • > ej2p_J 



" l2p~2,i' J2p-2,j,j' 



1 C/ 1 

(3.9) — 7^Q2p _ = -dM$2p + (-(ri - '^p)Hlp+^ +pW2p-i, J^)dVM + pJ2''^»l2p-2dVi 
where q2p"-2 is the coefficient of in Qlp_2, i.e., Q2P-2 — Ea l2p-2<^a- 
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Recall that we have the following formula concerning the functions ai^aa,a,ia in P-6p (cf. [3]): 

aiaOi — dMCla + ^ af}9f}a + ^ 0.i9ia = Daa, 
i fS i 

which implies immediately 



2, a 



Then taking use of (|2.10l) and integrating p.9p over M, we complete the proof. □ 

Remark 3.3. Recalling the expression of $2p in (I3.3p . if we assume that M is closed or the variation 
satisfies ai{x) = 0, aia{x) — for x £ dM, the first variational formula turns to: 

(3.10) / [{^{n-2p)Hip^,+pW2p-i,iy)+pJ2{Q2p-2,'^e,i^))dVM. 

J M j 

Theorem 3.4. Let f : Af" — >■ jV"^'" &e an isometric immersion from a closed Riemannian manifold 
M into a Riemannian manifold N. Then for p = 0, 1, • • • , [^], the Euler- Lagrange equation for the 
first variational formula of the total 2p-th mean curvature A^2p(/) *s given by: 

L2p :== -{n - 2p)Hlp^-^ + pW2p-i +pQ2p-2 = 0. 

Here ij/p+i; T^2p-i are the same with those in Theorem \3.2\ and 

Q2p~2 = Y{Qlp^2^^eieA)eA - ^ divC^ q!^^_^e,)ea, 

i,A a i 

where Q2P-2 — J2al2p-~2^a is defined in Theorem Ig.^l and denote Q-2 = 0. Henceforth, we call M 
relatively 2p-minimal if L2p — 0. 

Proof. It suffices to treat with the term involving covariant derivative of v in p.lOp . Recall that 
^ = Ea o^aga and Q\p_2 = Ea q2p-2<^a- Then 



Y{Q2p-2-:^ e,v) = Y(^Q\j,_2,Ye^{aA)eA+YaAVe,eA. 

i i A A 

= Yq2p-2ei{aa) +YaA{Qlp_2^'^e,eA) 

i,a i,A 

= Ydiv{^aaq'2p_2^t) - ( X! '^2p"-2e»)ea, i^) + {Y{Q2p-2^^ e,eA)eA, 

a i a i i^A 

= X! ""'?2p"-2e») + {Q2p~2-,v). 

a i 

Thus according to Stokes' theorem, one can easily find that 
d 



dt 



M2p{ft) = / divjy^^ aaq2p-2ei)dVM + / {L2p,v)dVM = / {L2p,v)dVM, 



IM „ , JA/ JM 

which completes the proof of the theorem. □ 

When is a real space form M"+™(c) with constant sectional curvature c, one can find that 
(3.11) L2p = -{n - 2p)Hl^, + 2cpHi^_„ 

which was proved by [13] firstly with different notations. 
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4. Closed complex submanifolds in cF"+™ 

In this section we prove that closed complex submanifolds in complex projective spaces are relatively 
2p-minimal, i.e., critical for the functional A^2p for all P- 

Let N be the complex projective space CP"+™(c) with constant holomorphic sectional curvature 
c. Denote by J, (, ) the almost complex structure and Hermitian metric respectively. It is well known 
that the curvature tensor of N can be written as 

R{X,Y,Z,T) = ^(^{X,Z){Y,T)-{Y,Z){X,T) 

+ {JX, Z) {JY, T) - ( jy, Z) {JX, T) + 2( JX, Y) {JZ, T)) . 

Suppose M is a complex submanifold of complex dimension n in N. Around each point x in M, 
we can choose a local orthonormal frame {ei, . . . , e2n+2m} of TN such that 62 = Jei, . . . , e2n+2m = 
Je2n+2m-i, and ei,...,e2n are tangent to M. In this section, we still use i,j,k (resp. a,/3,7), etc. 
for the indices of tangent (resp. normal) vectors of M . In addition, for simplicity we will use the 
following notations 

Under this setting we can write the curvature tensor of N over M in a simpler form. For example, 

(4.1) R^a.Jk = 0, R^»JP = ^(5]^^ + S^Sf). 

The following Lemmas will be useful in the proof of Theorem 14.31 later. 

Lemma 4.1. With the same notations as above, we get the following identity about the second fun- 
damental form of M : 

(4.2) 0,„(e,) = 0,a(e,) = -0j„(e,). 
Proof. Straightforward computation shows 

Siaiej) ^Oj^{ei) = (Ve,ej,ea) = {JSI e^ej, Je^) = (Ve,ej,ea) =6'm(ej)- 

Similarly, 

^ia^^j) = (Vejei,e„) = -(Vg^ei,eQ) = -(Ve;ej,ec,) = -(Ve^ej^e^,) = -Oia^Cj). 

□ 

Lemma 4.2. With the same notations as above, we get the following identity: 

^I'lpi^ij ■ ■ ■ iJ^s, ■ ■ ■ ,X2p) = 0, 

s 

where il/j^ is defined in i3.8\) . Xi, . . . , X2p are 2p vectors tangent to M. 

Proof. Obviously M is also a Kahler manifold. Thus the formula flij{JXi, JX2) — rtij{Xi, X2) holds. 
We prove this Lemma by induction. For p = 1, it is not difficult to see that 

^1112 {J^1t^2) + ^iii2 i^lj JX2) = 0. 

Suppose the identity holds for p — 1, then for p, 
^/2p (-'^1 T ■ ■ ,JXs, . . . , X2p) 
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t<S 

+ ^^l2p-2i^l- ■ ■ ■ , Xs, ■ ■ ■ , Xt, . . . , X2p)i^i2p_il2p [JXs, Xt) 

t>S 

+ (-1)*^+*^ ^Q,J2^_2{Xl,...,Xtll---,Xt2,---,JXs,...,X2p)fti2p_li2p{Xti,Xt2) 

S ti,t2^S,ti<t2 

= ^^l2p-2iXll ■ ■ ■ T^t, ■ ■ ■ ,Xs, . ■ . , X2p)(^^i2p_ii2p{Xt, JXg) + ili2p_ii2p(JXt,Xs)^ 

t<S 

+ (_i)*i+*2 ^i}j^^_^(Xi, . . . ,xt^, . . . , Xfr,, . . . , jXs, . . . ,x2p)^i2p_ii2p{Xti, Xt^) 

tl <t2 S^ti ,t2 

= ^ ^ {-'^Y^^*^^^^l2p-2iXl^---y^ti,---,Xt2,---,JXs,...,X2p)^i2p_li2p{Xti,Xt2)- 
*1 <t2 S^ti ,t2 

By assumption, the sum J2s^ti t2 ^i2p-2 i^i, • ■ • , Xt-^ , • • ■ , Xt^ , • • • , JXg, . . . , -'i"2p) equals zero for all 
^1,^2- In conclusion, the proof is complete. □ 



Theorem 4.3. Let M be a closed complex submanifold of complex dimension n in CP""*""*, then 

L,, . -(2,.- 2p)gfc,. + - °, 

i.e., M is relatively 2p-minimal for p = 0,1, . . . ,n. 

Proof. Clearly Q2p-2 = since now Riajk = by (|4.ip . Therefore to calculate L2p in Theorem 13.41 
it suffices to compute W2p-i- Combining the definition of H^^^^ and Lemma [4.11 we compute it as 
follows: 



^ ''^ a, 13 l2p-l,i J2p-l,3 

c(2n- 2p+ 1)! 



2(2p- l)!(2n)! ^ X! X! '^ii!...j2p-i^-f2p-2 ^ ^'»2p-ia(eji , ■ • • , ej^p.Jea 

l2p-l J2p~l 



c{2n~2p)\ 



2(2p-l)!(2n)! 
c / c(2n-2p)! ^ ^ 

a /2p_i s=l 



2-'^2p-i 2('2n')! / ^ / y / , \ ^'/2p-2 V^^Ji J • ■ • : f^is J • ■ • J '^«2p-i y"»2p-ia vi-is 



2p-l 



2(2n,. 



2^2p-l 2(271)! Z^ 5Z Z^ ( -'^) ^/2p-2(6iij • ■ • I Cisi • ■ • ; ei2p_j^)0i2p-ia(ei3)ea 

Q /2p-l S = l 

J c{2n~2p)\ ^ ^ 

-'^2p-l 2(271)! ^'i2p-2 '^»2p-iaVCii , ■ • ■ , ei2p_j^;eQ. 

^ a -f2p-i 

c(2n-2p) f 
2(271 -2p+l) 



2p-l 



C 
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where " = " is deduced by Lemma 14.21 Therefore, we obtain 

Meanwhile, a direct calculation shows that H^^^^ of M vanishes for each p. In fact, combining the 



fact that Vl-A-A 




e;) = 




^2p+l — 


(n ' 




1)! 




n\ 






(n- 


-2p- 


1)! 






n\ 






(n - 


-2p- 


1)! 



^llh ^ ■ ■ ■ ^ ^«2p-l*2p ^ ^42p+lQ(^il' • • • '^i2p+l)Sa 

" -f2p+l 
"^S -f2p+l 

~l ^ ] ^ ^ (^1) ^1112 A • • • A f^i2p-li2p (^il I • • • I , . . . , ei2p+i)^i2p+ia(6is)6a 

Q,S /2p + l 

{n-2p- 1)! 



^ ^ ^ ^ f^/2p ^ ^i2p+ia('2il 1 ■ • ■ 7 ^i2p+l)^a 



" -f2p + l 

= -<+i = o. 

This completes the proof of the theorem. □ 

5. Relatively 2p-minimal and austere submanifolds 

In this section, we discuss the relations between relatively 2p-minimal submanifolds and austere 
submanifolds in real space forms, as well as a special variational problem. 

Let / : A/" — > R"+'"(c) be an isometric immersion in a real space form of constant sectional 
curvature c. Recall that the volume of any tubular hypersurface AI^{r) with radius r (0 < r < e) of 
M" in M"+"'(c) is given by the well known Weyl-Gray tube formula (cf. [7 ) 



(5.1) V{Mfir)) = g ^i^(,;)(2p)!A^2p(/)(cos(rVS))"-^^(^^^^)'"+2p-i 

where Cm+2p-i is the volume of S'™+^p~^(1), the sin, cos functions are considered as complex 
functions, and M.2p{f) is the total 2p-th mean curvature of /. Put Vr(/) := V{Mf{r)). Then 
{Vp I < r < e} forms a one-parameter family of functionals over isometric submanifolds in M"+™(c). 
We call M a tubular minimal submanifold of ]R"+™(c) if it is a critical point of Vp for all < r < e. 
Observing the Weyl-Gray tube formula ()5.ip . we find that M is a critical point of Vp for all < r < e 
if and only if it is a critical point of A^2p for all p = 0, 1, . . . , [-^J, or equivalently, it is 2p-minimal for 
all p = 0, 1, . . . , [^]. Combining these with the Euler-Lagrange equation (|3.11l) and the second identity 
in (|2.3p . we deduce the following 



Proposition 5.1. Let f : Af" — > R"'+'"(c) he an isometric immersion in a real space form of constant 
sectional curvature c. Then the following are equivalent: 

(i) M is tubular minimal; 

(ii) M is relatively 2p-minimal, i.e., L2p — —{n—2p)H2p^i + 2cpHl^_^ — for all p — 0,1, ... , [^]; 
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(iii) ij/p+i-O/or anp = 0,l,...,[f]; 

(iv) M is 2p-minimal, i.e. , -^2^+1 — /''^ aZ/ p = 0, 1, . . . , [^]. 

Recall that a submanifold of a Riemannian manifold is called austere by Harvey and Lawson [lOj 
if its principle curvatures in any normal direction occur in oppositely signed pairs. They showed, 
among other fundamental results on calibrated geometry, austere submanifolds of Euclidean space are 
exactly those whose co-normal bundle is special lagrangian and hence absolutely minimizing. Except 
for the case of surfaces, austerity is much stronger than minimality. Many examples and (partially) 
classifications of austere submanifolds of Euclidean space have been established by several authors, 
such as [1], [5], [11], etc. For minimal 3- folds in different space forms, gives a local classification 
of the submanifolds for which the equality in the DDVV inequality (also called the normal scalar 
curvature inequality which was proved independently and differently by |16) and [5]) holds everywhere 
and hence austere. Note that by the pointwise equality condition for the DDVV inequality given by 
[5] (also discussed in [H]), minimality together with this DDVV equality is sufficient for austerity. 
It is worthy to mention that the classification problem of submanifolds attaining the DDVV equality 
everywhere still remains a rather interesting open problem (see [5] for a brief introduction and |16] , [B] 
for some advances). As far as we compare austerity with tubular minimality, we derive the following 

Proposition 5.2. Let Af" be an n- dimensional austere submanifold of the real space form R"+™(c). 
Then M is tubular minimal. Moreover, each 2p-th mean curvature satisfies {—i)^K2p > 0. 

Proof. By the definition of austerity, we see that each odd order elementary symmetric polynomial 
A/2p+i(0 of the shape operator with respect to any unit normal vector ^ of M vanishes. Recalling 
that in |7j it is proved that 

rrf 2^PnPpl{m + 2p) f 

we get ^^/p_|_i = for all p — 0,1,..., [^], and hence by Proposition 15. 1[ M is tubular minimal. 
Moreover, austerity implies that the 2p-th elementary symmetric polynomial M2p(^) of the shape 
operator has the sign of (— 1)^, which then shows {—1)^x1^ > by the following integral formula 

(cf. my 

_ 2^PT:Pp\ 

Cm+2p-l(2p)! Js^ 

The proof is now complete. □ 
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